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Figure 10. Left: contour plot of real-space versus z-space Park et al. (2007) NN overdensities. Right: rank-ordered and rescaled mark CFs of these real-space
and z-space overdensities (triangle and square points, respectively), analogous to the mark correlations in Fig. 9. The δr − δz mark correlations (circles) are
also shown.

Figure 11. r-band luminosity and g − r colour mark CFs for galaxies with
Mr < −19 in the SDSS DR7 (crosses) and in the mock catalogue (triangles).
The error bars show jack-knife errors on the measurements, and the dotted
lines show the scatter from randomly scrambling the marks (see the text for
details).

and colour mark CFs (Fig. 11) to the local density mark correlations
(Fig. 9) shows that both luminosity and colour produce significantly
weaker signals.

5 C O N C L U S I O N S A N D D I S C U S S I O N

Our key results can be summarized as follows.

(i) Mark CFs are particularly sensitive to environmental correla-
tions, specifically when using enhanced weights of (1 + δ)α with
α > 0.01, though this sensitivity depends on the environment mea-
sure, scale and the mark’s uncertainty.

Figure 12. Same as the previous figure, but now the weights have all
been rank ordered and then scaled to a uniform distribution. Although the
qualitative trends are the same as in the previous figure, now the signal is
stronger in the bottom panel (i.e. when weighting by colour), indicating that
the colour–density correlation is stronger than the luminosity–density one.

(ii) Small environmental correlations are difficult to detect with
more traditional methods, as highlighted by the (lack of) variation
of most of the mark distributions at fixed overdensity, and in the
colour–density relation.

(iii) Rank ordering the marks and then using the rank as the
weight provides a simple way to compare results for different marks,
because it removes any dependence on the marks’ distributions.

The analysis in this paper highlights the advantages (and dis-
advantages) of mark clustering statistics. The fact that they are
sensitive to weak environmental correlations that traditional meth-
ods find difficult to detect demonstrates their utility. Mark statistics
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are particularly useful for identifying and quantifying environmen-
tal trends. This owes to the fact that the statistics of entire samples
can be folded together, producing clearer correlations than simply
binning environments or splitting galaxies into ‘field’ and ‘clus-
ter’ subsamples, for example. Nonetheless, one cannot determine
from these trends alone which galaxies occupy which environments;
more information is needed (e.g. from halo models of galaxy clus-
tering) in order to associate particular galaxies with environments
of particular halo mass or overdensity (Skibba et al. 2006; Skibba
& Sheth 2009).

In contrast, methods that characterize individual local galaxy
environments can associate galaxies with overdensities, though
they too have strengths and weaknesses. FA and nearest-neighbour
overdensities are sensitive to inter- and intrahalo environments,
respectively, consistent with the findings of M12 and Haas,
Schaye & Jeeson-Daniel (2012). We showed this with the scale-
dependent mark clustering measurements, which overlapped at
rp ∼ 600 kpc h−1, within the ‘one-halo term’; FAs, if sufficiently
large, can encompass entire haloes as well as some of the surround-
ing regions. Nonetheless, the interpretation of environmental trends
can be difficult and depends crucially on how the overdensities are
measured and on the DDP.

One can also interpret our results in terms of central and satellite
galaxies in haloes. Since satellite luminosities, colours and stellar
masses depend only weakly on halo mass, and hence only weakly
on the environment (e.g. Skibba, Sheth & Martino 2007; van den
Bosch et al. 2008; Skibba 2009; see also Neistein et al. 2011; De
Lucia et al. 2012), the majority of the environmental correlations
that we detect are due to the central galaxies. For example, the
colours of central galaxies are strongly halo mass dependent, and
this is clearly shown by the colour mark correlations, which are
especially sensitive to the dependence on overdensity.

Finally, we note that rank-ordered mark CFs are applicable to any
comparative analysis of environmental trends involving large cata-
logues of objects in surveys or simulations with sufficiently accurate
distances and marks, and are useful for testing or constraining mod-
els. Rank-ordered mark correlations could be useful for quantifying
and comparing measures of ‘halo assembly bias’ (e.g. Sheth & Tor-
men 2004; Harker et al. 2006; Wechsler et al. 2006; Croton, Gao &
White 2007; Croft et al. 2012), such that halo formation time, con-
centration or occupation is weakly correlated with the environment
at fixed mass. These statistics could also be applied to tests of ‘halo
abundance matching’ (Conroy, Wechsler & Kravtsov 2006; Vale
& Ostriker 2006; Neistein et al. 2011; Trujillo-Gomez et al. 2011;
Kang et al. 2012) methods, in which central/satellite galaxies and
dark matter haloes/subhaloes are rank ordered by their luminosities,
masses or circular velocities, and their cumulative number densities
are matched.
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A P P E N D I X A : E F F E C T O F T H E A D D I T I O NA L
E N V I RO N M E N TA L C O R R E L AT I O N

We provide an estimate of the effect of the added environmental
correlation (equation 2) on the marked CF.

As described in Section 4, the statistic M(r) can be approximated
by the simple pair count ratio WW/DD, where WW is the sum
over all pairs with separation r, weighting each member of the pair
by its mark, and DD is the total number of such pairs. To use a
specific example in the paper (see Section 3), suppose that rather
than weighting galaxies by their luminosity L, we modify the weight
by adding a small dependence on the 8 Mpc h−1 overdensity, which
we will denote as 1 + δ8. In this case, the modified weight can be
expressed as

w = L(1 + δ8)α ∼ L(1 + αδ8), (A1)

where α is small. For the mark CF, we will normalize by the mean
mark, and the mean of the above expression is simply

〈w〉 ∼ 〈L(1 + αδ8)〉 ∼ 〈L〉. (A2)

Therefore, for a pair of galaxies i and j at separation r, we have

WW(r) = 〈Li(1 + δi)(1 + αδ8,i) Lj (1 + δj )(1 + αδ8,j )〉
〈w〉2

. (A3)

If L is not significantly correlated with density (which is not quite
true, because L is correlated with Mhalo and hence δ), then this
becomes

WW(r) = 〈[(1 + δ)(1 + αδ8)]i [(1 + δ)(1 + αδ8)]j 〉. (A4)

Keeping the lowest order in α, this can be expanded as follows:

WW(r) ∼ 〈(1 + δi)(1 + δj )(1 + αδ8,i + αδ8,j )〉
∼ 〈1 + δi + δj + δiδj + αδ8,i(1 + δi + δj

+ δiδj ) + αδ8,j (1 + δi + δj + δiδj )〉
∼ 1 + 〈δiδj 〉 + 2α(〈δ8,i δi〉 + 〈δ8,i δj 〉 + 〈δ8,iδiδj 〉).

(A5)

Since DD = 1 + 〈δiδj 〉, we have

WW

DD
∼ 1 + 2α

〈δ8,i δi〉 + 〈δ8,iδj 〉 + 〈δ8,i δiδj 〉
DD

, (A6)

which shows that the new environmental correlation that we intro-
duced in the text produces a new signal proportional to 2α. The
approximations here appear to be accurate, as the mark CFs with
α = 0.05 can be predicted from those with α = 0.01, and vice versa,
at all separations r (see e.g. Fig. 7).

APPEN D IX B: SMALL-SCALE ENVIRO NMENT
A S A W E I G H T

B1 A toy model

We will use a simple toy model to illustrate the effect of using the
environment as a weight.

Suppose that all the mass is in haloes which all have the same
mass m distributed around each halo centre according to

ρ(r)

ρ̄
= m

ρ̄

exp
(

− r2/2R2
v

)
(

2πR2
v

)3/2

= 
v e−r2/2R2
v , (B1)

where the final expression defines 
v , the central density [because
(2π)3/2R3

v is the volume of the profile].
Then the unweighted CF is

ξ (r) = ρ̄

m

m2

ρ̄2

exp
(

− r2/4R2
v

)
(

2π 2R2
v

)3/2

= 
v

23/2
e−r2/4R2

v , (B2)

where the first factor of ρ̄/m is the number density of haloes (i.e.
all the mass is in haloes of mass m).

If we model the weight as the local value of the density smoothed
with an FA of scale s, then the weight associated with a distance r
from the halo centre is

w(r) = e−r2/2(R2
v+s2). (B3)

If we define

R2
s ≡ R2

v (R2
v + s2)/(2R2

v + s2), (B4)

then the mean weight is

w̄ = 4π

∫
dr r2 ρ(r) w(r)/m = (Rs/Rv)3. (B5)

Therefore, the normalized weighted CF is

ξw(r) = ρ̄

m

m2

ρ̄2

e−r2/4R2
s

(2π 2R2
s )3/2

. (B6)

To see what this implies for WW/DD, suppose that s < Rv . Then
R2

s → R2
v/2. On small scales, WW/DD =(1 + ξw)/(1 + ξ ) ≈

ξw/ξ because we are interested in the case in which 
v 
 1. In this
limit, WW/DD ≈ 23/2 exp(−r2/2R2

v )/ exp(−r2/4R2
v ). This shows

that WW/DD has the same shape as ξ itself, and the small-scale
amplitude is 23/2 times the unweighted one. The amplitude is 23/2

because the assumed Gaussian profile (equation B1) is relatively
flat; a centrally cusped profile (such as a Navarro, Frenk & White
(1996) one) will produce a stronger signal. The small-scale shape
of WW/DD should not come as a surprise: when s 	 Rv , then
ξw is like the convolution of ρ2 with itself, making ξw∝ξ 2. More
generally, WW/DD ∝ ξ 1/(1+s2/R2

v ).

B2 A model in terms of cluster and field populations

To gain intuition about the effect of rank ordering, first note that
for a list of length N marks, the mean mark is [N(N + 1)/2]/N =
(N + 1)/2, so normalizing is particularly simple. Now, suppose
that the distribution of environments is bimodal, with one popula-
tion associated with ‘close’ pairs (separations less than some Rc)
in dense regions and another with underdense ones. Suppose that
‘cluster’ galaxies have close neighbours but ‘field’ galaxies do not
(i.e. they are like hard spheres). Then the total clustering signal is
n2

t (1 + ξtt ) = n2
c(1 + ξcc) + n2

f (1 + ξff ) + 2ncnf (1 + ξcf ), where
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nt ≡ nc + nf and the mean mark is w̄ ≡ (ncwc + nf wf )/nt . There-
fore,

WW

DD
= (ncwc)2(1 + ξcc) + (nf wf )2(1 + ξff )

+ 2ncwcnf wf (1 + ξcf )

w̄2n2
t (1 + ξtt )

. (B7)

If we have rank ordered the marks, then nt w̄ = N (N + 1)/2, nfwf =
Nf(Nf + 1)/2 and ncwc = nt w̄ − nf wf . On scales smaller than Rc

we know that both ξ ff and ξ cf equal −1, making

WW

DD
= n2

cw
2
c (1 + ξcc)

n2
cw̄

2(1 + ξcc)
=

(
wc

w̄

)2

= [1 + Nf /(N + 1)]2. (B8)

Thus, the small-scale signal is a measure of the field fraction Nf/N,
but note that it cannot exceed 4.

If we were to interpret our measured value of WW/DD = 3 in
Fig. 9 in these terms, we would infer a field fraction of about 70 per

cent; it is interesting that this implies a cluster fraction (30 per cent)
that is close to the satellite fraction usually quoted in halo model
analyses of galaxy clustering (e.g. Zehavi et al. 2005; van den Bosch
et al. 2007) and the satellite fraction of the mock catalogue used in
this paper (Section 2.1). If we assume that on intermediate scales
ξ ff and ξ cf both are approximately equal to zero, then

WW

DD
= 1 + (nc/nt )2(wc/w̄)2ξcc

1 + (nc/nt )2ξcc

. (B9)

In this approximation, the scale dependence of WW/DD codes
information about the cluster or field fraction and the CF of the
cluster population. In the ξ (r) 
 1 limit, it smoothly asymptotes to
the previous expression.

This paper has been typeset from a TEX/LATEX file prepared by the author.
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